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ABSTRACT

In this work, we have generalized different parametric forms of cubic equations of state
(EoSs) to predict complete Joule-Thomson (J-T) inversion curves for methane at wide
temperature and pressure ranges. EoSs of the Soave-Redlich-Kwong (SRK), Peng-Robinson
(PR), Patel-Teja (PT), Esmaeilzadeh-Roshanfekr (ER) and the Hagtalab-Kamali-Mazloumi-
Mahmoodi (HKMM) along with frequently used cohesion functions a(7T:) have been
considered for plot of J-T inversion curves. The PR EoS along with different cohesion
functions such as those of the Soave, Antonin Chapoy and the Tau-Sim-Tassone have been
also tested for accurate prediction of the inversion curves. The four parametric EoSs of
Adachi-Lu-Sugie (ALS), and Lawal-Lake-Silberberg (LLS) with their associated cohesion
functions have been used for the prediction of J-T inversion curves. It has been observed that
for the plot of inversion curves the LLS EoS is inadequate while the ER EoS agrees well with
the previous measurements made in Laboratory. Besides, the J-T coefficient measurements
from EoSs have been made for carbon dioxide and nitrogen gases at temperatures from
273.15 to 473.15 K and at pressures from 10 to 1000 atm, respectively. The uncertainties of
experimental J-T coefficients data of carbon dioxide from values calculated using EoSs at
constant pressure of 1 atm and 20 atm and with varying temperatures have been studied.
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1. Introduction

In between the years 1852 and 1862, J-T effect was
discovered and was named after the physicists James Presscot
Joule (1818-1889) and William Thomson (1824-1907). They
performed the porous plug experiment to study the change of
temperature with change of pressure of a gas at constant
enthalpy. Roebuck and co-workers [1] and Sage and co-
workers [2] studied the J-T effect experimentally and obtained
J-T coefficients for inorganic gases and organic compounds.
The theoretical prediction of J-T inversion curve is well known
as an extremely severe test of an EoS. The J-T inversion curves
for the van der Waals, Dieterici, Lennard-Jones, Devonshire
and the DeBoer-Michels EoS were plotted before 1970 [3]. The
J-T inversion curves for pure components have been calculated
by many authors using various cubic EoS [3-10]. Prausnitz et
al. [11] reviewed many types of EoSs and stated “cubic EoSs
have often been chosen as the optimal forms because the
accuracy is adequate and the analytic solution for the phase
density is not too demanding.” Potter [12] has given a brief
summary of J-T studies. Nichita et al. [13] has also given an
account of J-T inversion curve calculations. At considerable
range of temperature and pressure, Coleman and Steward [14]

and Bender [15] developed their EoSs to predict the J-T
coefficients for fluids such as nitrogen, methane, carbon
dioxide etc. Brown [16] has named the J-T inversion curve as
Charles curve and is a best criterion for evaluating an EoS for
wide ranges of temperature and pressure [17,18]. The critical
properties, acentric factor and molecular weight of
components are required for calculations as parameter input
in EoSs.

The border of Joule-Thomson inversion curve separates
the heating region with cooling region. In case of van der
Waals EoS, at low tempera-tures, when, T —0,

My = za/RTCP > (as each term contained therein is a

positive and therefore cooling result. At high temperatures,
when, T —>%,u, ,~-b/C,<0, there-fore ~ warming

results. It has been stated that the Redlich-Kwong (RK) EoS
provides best fit among equations of state and found better
than the more complex EoSs [19-21]. Dally and Heidmann [22]
predicted the J-T inversion curve using four EoSs. The four
EoSs were the SRK, PR, Perturbed-Hard-Chain (PHC), and Lee-
Kesler (LK). They observed that the studied EoSs give good
predictions of the low-temperature branch of the inversion
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curve. The high temperature branch and the peak of the
inversion curve proved to be sensitive to the EoS parameters
and yield poor results. Colina et al. [23] simulated the J-T
inversion curve for carbon dioxide using two different
approaches based on Monte Carlo simulation for the isother-
mal-isobaric ensemble. The plot of J-T inversion curve appears
parabolic in shape, with a maximum inversion pressure at an
intermediate temperature. Its volume~temperature plot
shows an exponential behavior and the volume approaches
infinite limit at extremities of temperature. In this work
various EoSs belonging to any of the generalized form has
been taken to test the prediction of J-T inversion curves. The J-
T inversion curve for newly developed three parameters [24-
26] and four parameters [27,28] cubic EoSs have been
predicted and compared with the two parameters [29] cubic
EoS of PR. Two parameters EoSs such as the SRK EoS, PR EoS
and the three parameters EoSs of the PT EoS, ER EoS and the
HKMM EoS have been considered [21,24-28]. The four
parameters EoSs of LLS EoS and ALS EoS are also considered
for predicting the inversion curves.

1.1. The J-T coefficient

The J-T coefficient is a thermodynamic quantity which can
be used to increase the understanding of intermolecular force
[30-33] between the molecules. To interpret the ]-T coefficient
in terms of molecular properties, it is assumed that there is no
exchange of either heat or work with the surroundings, thus
allowing one to use the principle of conservation of energy.
The internal energy of the gas is made up of two parts: the
kinetic energy of the molecules, depending only on the
temperature, and the potential energy, which depends on how
far apart they are that is on the expansion of the gas. The
expansion of the gas has two alternative effects within itself.
First, because of expansion, the average distance between
molecules increases resulting in increase of intermolecular
attractive forces and hence the increase in potential energy.
Therefore, increase in potential energy forces a decrease in
kinetic energy and thereby the gas cools down. Secondly, the
gas expansion reduces the frequency of molecular collision
resulting in a decrease in the average kinetic energy and
therefore temperature of gas decreases. For real gas, in
adiabatic process, the free expansion (throttling process)
occurs not with constant internal energy but with constant
heat content (isenthalpic process) or enthalpy H [30]. The
Joule-Thomson coefficient yj-r is therefore defined as the rate
of change of temperature with pressure in an isenthalpic
expansion. Mathematically, it is written as:

orT
-1 ®
w5
In terms of compressibility factor, one may use,
oz
== (2)
wo=(2)

At low and intermediate ranges of temperature and
pressure, The J-T coefficients ujr have been found usually
positive, meaning thereby that a decrease in pressure results
in decrease in temperature. But, at high pressure and
temperature ranges, the J-T coefficients yjr have been found
usually negative, meaning thereby that the fluid warms up
instead of cooling down after expansion. In case of the free
expansion of real gas, we find H = U + Pv is a constant.

Therefore, dH = d(U+ PV) =0,if H= H(T,P),then

dH:(a—Hj dT+(a—Hj dp 3)
or ), P ).

oH oH
dT_ (a})\}T _ (aIDJT 4)
dp (eH)  C,

5),

Here, Cp is a definite numerical quantity and therefore the
magnitude of the J-T coefficient is determined mainly by the
variation in the quantity H with pressure at constant
temperature T. Using relationdU =TdS —Pdv, and the

Maxwell relation(a_S\J =(avj, we can obtain the
T P

oP ), \oT
expression for J-T coefficient as:
Wy r = i T(a‘}j —v (5)
c,| \or),

For an ideal gas, W= 0, thus the temperature of the gas

does not change. However, even for non-ideal gas, My = 0,

provided that

ov

T [ =y (6)
or ),
Equation (6) defines a curve in the 7 — P plane, this

curve is known as inversion curve. The isenthalps are curves
of constant enthalpy, H(P, T) = constant. The region inside

the inversion curve, 7T increases with P along isenthalps and
therefore Hy r =(8T/6P)H > (0 meaning thereby that gas

cools in expansion, while in outside region along the isenthalps
it decreases. Therefore, in outside region

My g = (6T/0P)H < (0 meaning thereby that gas warms up in

expansion. Above the inversion temperature, collision
frequency rises with the increase of molecular movement and
therefore the gas outside the inversion curve always warms up
in Joule-Thomson expansion.

In Section 2, the three generalized forms of attractive
terms have been proposed with keeping the van der Waals
repulsive term for the EoSs, and corresponding derivatives of
compressibility factors with temperatures (at constant
pressures) have been expressed in generalized form. These
derivatives have been evaluated while calculating the ]-T
coefficients. In Section 3, a necessary theory for the calcula-
tions of J-T inversion curves from the EoSs is given. This
section also includes the cohesion functions and its deriva-
tives. Section 4 consists of results and discussion. Finally
Section 5 represents the conclusion.

2. The three generalized forms of cubic EoSs

Considering the generalized form of cubic EoSs [20-26] as:

RT a

= - 7
v—b (v+nX)v+mY)

P

where, a(T) is a function of critical temperature, critical

pressure and acentric factor.
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Table 1. The expressions Oan , QM for ALS and Oan s Qb for LLS EoSs *.

ALS EoS LLS EoS
Q, =0, (+mi-1°)f Q,=(1+(Q,-1)z.)
Q,. =0.44869+0040240+0.01111 0,-0.7

m=0.4070+1.3787@—0.29330°

* The available value for SRK EoS, Q,=0.4278,Q, =0.0867: for PR EoS, Q, =0.45724, Q, =0.07780 and for TST EoS,

Q,=0.470507 Q, =0.0740740-

Table 2. The calculated values of Qa , Qb and QC for selected EoSs.

Compound Acentric Patel Teja (PT) Esmaeilzadeh Roshanfekr (ER) Haghtalab Kamali Mazloumi Mahmoodi

factor Equation of State Equation of State (HKMM) Equation of State

0]

Qa Qb Qc Qa Qb Qc Qa Qb Qc
Methane 0.008 0.43299 0.08494 0.01474 0.43775 0.08718 0.05175 0.458978 0.088579 -0.36249
Ethane 0.098 0.44060 0.08265 0.03487 0.44264 0.08386 0.05930 0.460762 0.086068 -0.37601
Propane 0.152 0.44504 0.08133 0.04643 0.44589 0.08210 0.06385 0.461962 0.084441 -0.38373
n-Butane 0.193 0.44834 0.08036 0.05500 0.44852 0.08088 0.06732 0.462941 0.083148 -0.39207
n-Pentane 0.251 0.45289 0.07904 0.06672 0.45247 0.07932 0.07224 0.464431 0.081235 -0.40278
Hydrogen 0.220 0.41251 0.09136 0.04086 0.42833 0.09781 0.03289 0.455536 0.093761 -0.33535
Oxygen 0.021 0.43410 0.08460 0.01771 0.43841 0.08667 0.05284 0.459220 0.088232 -0.36434
Nitrogen 0.040 0.43573 0.08412 0.02201 0.43941 0.08594 0.05443 0.459583 0.087716 -0.36501
Carbon 0.225 0.45087 0.07962 0.06152 0.45066 0.07999 0.07003 0.463747 0.082105 -0.39789
dioxide
Ammonia 0.250 0.45282 0.07906 0.06652 0.45240 0.07934 0.07215 0.464405 0.081269 -0.40259
Z} +(mC+(n-1)B-1)22> +((nB—B~1)mC —(B+1)nB + A)Z, — (nmCB(B+1)+ AB)=0 (8)
3 2 2 2 2 _ 9

Z:+((m+n)C-B-1)Z2 +(nmC* —(n+m)BC —(n+m)C + A)Z, +(-nmC’B—nmC* — AB)=0 9)
7} +((m+n)B—B-1)Zz} +(nmB* —(n+m)B* —(n+m)B+ A)Z,—(nmB* + nmB’ + AB) =0 (10)

In attractive term of Equation (7), the denominator of first
parenthesis contains second term as 7nX and the second
parenthesis contains second term as mY . In order to express
the three forms of cubic EoSs, we put, X =5/ and
Y=c,X=cand Y=c,and X =b and Y =} in Equation
(7), respectively. The third form (case III) represents the two
parameters form of the cubic EoS. In all the three forms, the
constantg, b and cof the cubic EoS are given by,

R’T? RT. RT.
a=Q,—<a(T) b=Q,—<ic=Q, —=<-
" P, P,

Table 1 shows the expressions Oan' QaC for ALS and
Oan' Qb for LLS EoSs. The values of these parameters can

be determined as a function of pure compound acentric factor
value. In Table 1, the critical compressibility factor, ZC and

the van der Waals constant parameter, QW were determined

as a function of acentric factor. The calculated values of the
parameters Qa, Qb and QC for selected EoSs are given in

Table 2. These calculations were performed by the use of
Newton Raphson method and parameters as a function of pure
compound acentric factor values.

The different cases which arise from Equation (7) are:

Case I for X =) and Y =c, the three parameters a, b
and c can be calculated by using the critical properties of the
pure components and by rearrangements of Equation (7), we
obtain Equation (8).

In this case the constants n» and m in Equation (7) have
the unique values for a given cubic EoS, for example, if one
takes n =1 and m = (), the EoS obtained is the SRK EoS; for

n=3 and m =—0.5, the TST EoS is obtained, for n =—0.5

and m =—0.5 the HKMM EoS, n=1++/3 and m =1—+/3
the NM EoS is obtained.

Case Il for X =¢ and Y = c, the three parameters a, b
and c can be calculated by using the critical properties of the
pure components and by rearrangements of Equation (7), we
obtain Equation (9).

In this case the constants n and m in Equation (7) have
the unique values for a given cubic EoS, for example, if one
takes n =0 and m =1, the EoS obtained is the SRK EoS and

for n = 1—\/5 and m=1+ \/5 , the ER EoS is obtained.
Caselll for X =) and Y = b, the three parameters a, b

and c can be calculated by using the critical properties of the
pure components and by rearrangements of Equation (7), we
can obtain Equation (10).

In this case the constants 72 and 7 in Equation (7) have
the unique values for a given cubic EoS, for example, if one
takes n =1 and m =0, the EoS obtained is the SRK EoS and

n=1+ \/5 and m =1 —\/5 the PR EoS is obtained.
The development of stability criterion requires the three
relations between 7" and Tc, if7 < TC, there will be three

roots of v, if T > Tc, there will be only one root of v
corresponding to the gas phase and if 77 =7 , there will be

three equal roots of V. Thus, at7 =7, there are also three

equal roots of Z.If we call these Zc, then we can write:

(z,-Z)=2"-32.2+32,2>-Z> =0 (11)
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Table 3. Coefficients of Equations (8), (9) and (10).

i=3

a, =mC+(n—-1)B-1 a, =(m+n)C-B-1

o, =(m+n)B-B-1

B, =(nB-B-1)mC—(B+1)nB+A B, =nmC*—(n+m)BC—(n+m)C+A B, =mnB*—(n+m)B*—(n+m)B+A

7, =—(nmCB(B+1)+AB)

7, =-nmC*B—nmC? — AB

7, =—(nmB* +nmB’ + AB)

Q, =372 —nmQ,Q, +(nQ, +mQ, Q, +1) (13)

Q) +(2-n*+n-3Z,)Q} +(3Z7 +(1+n)(1-3Z,))Q, - Z? =0 (14)

- 1-3Z, +(1-n)Q, (15
m

Q, =32 —nmmQ? +(n+m),(Q, +1) (16)

Q}((m+n)Q, +SZC)nm+(3Zf —nmQ +(n+m)Q, ((m+n)Q, +376))((m+n)£2c +3Z,-1)-Z; =0 (17)

Q, _1-32,+9, (18)
m+n

Q, =322 ~(nm—(n+m))Q; +(n+m)Q, (19

nmQ, +nmQ; +(3Z,2 —(nm—(n +m)Q? +(n +m)Qb)Qb)—Z,3 =0 (20)

o - 1732, 21

y = ————
n+m-1

Equation (11) is a requirement equivalent to equation
(12).

2
[apj _0:| 9P _gana BYe_ 7 (12)
ov T . RT

c

Based on above equations, we have the following cases
relating Qa, Qb and Qcto the empirical parameter Zc, with
aT,)=1.

Case I Comparing Equation (11) with Equation (8), we
obtain the Equations (13), (14) and (15).

Case II Comparing Equation (11) with Equation (9), we
obtain the Equations (16), (17) and (18).

Case III Comparing Equation (11) with Equation (10), we
obtain the Equations (19), (20) and (21).

In all the three cases the values of Q, for pure

components have been calculated by using Newton Raphson
method. Next, with the known value of Qh, the parameters

Q_ and Q_can readily be calculated. The Equations (8), (9)

and (10) can be written in a cubic polynomial form for the
compressibility factor 7 _ as:

fZ)=Z)+a,Z:+BZ. +y, =0 (22)

For the three cases, the coefficients of Equations (8), (9),
(10) comparing with the coefficients of Equation (22) are

given in Table 3. The expression for A, B and C in Table 3 has
the form: 4 = aP/RT?, A=bP/RT and C = cP/RT.

In PyT system, only any two parameters are required to
know the third parameter via the EoS f(PvT) = (.1t is well
known that the derivatives of any of these parameter helps to

determine the thermodynamic property. The cyclic rule of
these derivatives may be written as,

G-
ov).\oP)\oT ),

Therefore, once we know two of the three PvT
derivatives, the third can readily be calculated from Equation
(23). The third derivative of Equation (23) is not easier to
calculate since Equation (22) is not clearly explicit in volume

or temperature. It is therefore found explicitly using Equation
(22).

) R\ 2, (24)
or), P oT ),

Now, we can find the change of compressibility factor Z

with respect to change in temperature T at constant P for the

three cases:
Case I: we can find the derivative (Equations (25)).

For Case II, the expression of derivative is Equation (26).

Similarly, we have Case III as Equation (27).
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oT oT

(aA]P[B - 7]+ (aij[(l —n)Z* +(2B+1Dn+(1=n)mC)Z + (2B +1)amC + 4]+ (ac)[)

or

(az} _[(t+B)umB+(1-Z - nB+ B)mZ]
or ),

oT

327 +(nC + (1 1)B 127 + (2BnC — B—1)-mC(i+ B)+ A) )
(%jp[B—Zh[S?l[Zz +(n+m)CZ + nmC? +A]+[Z§l
o2\ |n+m\BZ+2-2%)+(B+1-2)2nmC] 2
( j,,_ 322 +((m+n)C—B-12Z —(BC+C)n+m)+nmC* + 4 )
(5Zj (Z/TIJP[B—ZZ]J{?;]P[(l—n—m)Zz+(3(n+m)—2nt)Z+(2f—3Bz)nm+A] -
, 322 +((n+m)-B-12Z +((n+m)B(- 2B 1)+ nmB* + 4)

(&), -7l 7)
)
(30)

3. Calculation of the J-T coefficients and the J-T inversion
curves

We can calculate J-T coefficients in three steps. First, the

oT

EoS by substituting their numerical m and n values in the
corresponding generalized case of EoS. Second, the derivative

derivative (azj can be calculated for any of the considered
P

of (av will be calculated from Equation (24). Finally, the J-
or ),

T coefficient will be calculated by using Equation (5).
3.1. The J-T inversion curves from cubic EoSs

The inversion condition, s, . =0 is given by the

following Equation:

T(apj _H{&Pj ~0 31)
oT ), ov ),

The generalized cubic equation of state is given by the
following relation:

p_ RT a(T)

— _ (32)
v—b v:+ubv+wh?

The denominator of this equation has the form:
v? +ubv + wb?, the u and wvalues of some of the equations

of state are given in Table 4. At low temperatures the
interactions between molecules may be significant compared
to the thermal energy and therefore the term @ becomes
important while at high temperatures, however, the term b
becomes significant as the thermal energy becomes greater
than any interaction. Differentiating Equation (32) with
respect to temperature at constant volume and multiplying
with 77, we have,

oP RT 1 da
| =2 — (r&L (33)
or), v-b v +ubv+wb dr
Differentiating Equation (32) with respect to volume at
constant temperature and multiplying with v, we have,

oP —RTv av(2v +ub) (34)
v v ) 2t V)
v)r (v-b) (v +ubv+wb)
where
a=a(T,)a (35)

Differentiating Equation (35) with respect to temperature
and multiplying with 7', we have

T(a“] =a(T, )T(d“) =a(T)p (36)

oT dT

Taking v/b = x, and using Equation (31) with a little bit

algebra, we can write inversion curve Equation (37).
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Table 4. Attractive terms of EoSs with values of ¢/ and W .

249

EoS Attractive terms u w
SRK [25] a(T) 1 0
v(v+Db)
PR [29] a(T) 2 -1
V(v +b) +b(v—b)
PT [26] a(T) b+c b
V(v +b) +c(v—b) b c
HKMM [25] a(T) c 1 ¢
b ¢ w2 b
v[v—)+b(v—]
2 2
ER [24] a(T) 2¢ 2
v(v+c)+ce(v—rc) e
TST [32] a(T) 25 -15
v: +2.5bv —1.5b°
LS 28] a(T) 1+(Q, -3)7, 7X(Q, -1y +2027, +0Q,(1-32.)
v? +ubv —wb’ Q 7, B 0O’z
_ 0293 .. b
¢ 1403750 Yy,
e a(l) 0,0, +0] 0,9,
(v=b,)(v+b,) o; Q
Q, =0.08974-0.034520 + 0.00330°,
Q, =0.03686+0.004050 — 0.010730” +
0.00157w’
Q, =0.15400+0.14122¢0 - 0.002720" -
0.004840°
F, (x2 +ux + w)2 + Fyx(2x +u)x -1 + F(x-1) (x2 +ux + w)= 0 (37)

where, Fl = QbTy ) F2 = —Qaa(Tr) and F3 =Qa¢ with

¢= T(MTV)] From Equation (32) the reduced inversion

dT
pressure has the following form:
T 1 Q¢ 1

p-L _ (38)
0, x-1) QP rur+w)

3.2. Cohesion functions and its first derivatives

A study of the frequently used cohesion functions in the
selected EoSs has been performed. These ¢ functions together

with EoSs have been used in calculating J-T coefficients and J-T
curves. The sole knowledge of an experimental value of the
acentric factor (a)) makes it possible to evaluate a(Tr).

Mathematical conditions on the ¢ function and its derivatives
aimed at ensuring consistent and accurate calculations of
thermodynamic properties. The ¢ functions are of two types:
generalized and component dependent. For generalized o
functions only acentric factor (a)) values of pure compounds
are required as input parameter while values of component
dependent parameters are required for component «&
function. The selected ¢ functions and its first derivatives

used in this work are given in Table 5. Table 6 represents the
values of the constants [, N and M in the associated
O function of TST EoS
Nitrogen.

for Methane, Carbon dioxide and

4. Results and discussion

The development of high-speed computers, the established
theories of statistical mechanics and the developed high
accurate EoSs have made us possible the understanding the
relationship of J-T coefficients and intermolecular forces. It has
been observed that the prediction of J-T inversion curves by
the EoSs can be made successfully by plotting the graphs
between pressures and temperatures for the considered pure
components and mixtures. Up to now, many forms of EoSs
have been tested to find good agreement between
experimental and theoretical plots of J-T inversion curves. In
this work, it has been established that not only the two
parameters models of EoSs such as SRK, PR etc. used till today
are efficient in predicting the J-T coefficients but also three
parameter models such as ER, PT and HKMM EoSs are equally
efficient. Figure 1 represents the J-T inversion curves plotted
from five EoSs. The calculated inversion curves have been
plotted on co-ordinates of reduced pressure and reduced
temperatures together to show comparison among the
generated curves.
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Table 5. Cohesion functions or ¢¢ functions and its first derivatives used in this work are given:

EoS Reported (¢ functions for the EoSs First derivatives of ¢ functions
by alr)=mi- T 4 ()i a(T ]
where, m(l + m) >0 dT r
m(w) = 0.480 +1.5740 - 0.176°
PR
e af) =i+ k-7 490 o) a(T)
dT. T,
k(@) =0.374+1.5420—0.2690"
T )=+ Pl -7 ) LA CICR
ar. "’ T,
F(w)=0.452+1.3090 - 0.2950"
2 =l -7 de D),
[24] a(T,)=|m, +m,\l \/7 dT =-m,(0)T.a(T.)
m, (@) =0.999 —0.0100 — 0.0080°
m,(w) = 0.440 +1.5290 - 0.47 0’
ggs O‘(Tr ) = TrN(M_l) exp[L(l - 7:~NM )] de (T ): _a(T) p(T )
[32] IM >0 dTr " Tr r See Table 6
M <0.8909 P(T.)=-N(M—-1)+LMNT""
g alr)=enl(K, + K7 Ji-15) 9 (1)~ alr ik, -k CTE - Ko(C )]
C=K,+K,0+K,o drT,
K, =3.058,K,=15479,K, =0.0821,K, =0.3042,
K, =-0.0730.
Chapo — _
[31]13 y O!(Tr)— CXP[Cl (1 T, )] j;‘ ( ) _C a( )+\/2?[6XP[C1 (l—T,, )]a(T, )]1/2
ivei-r2fvei-r) ] ,
x[—Cz(l—Tr”z)—;CB(I—T:/Z)Z}
C, =.1440+1.3830" +0.387;C, = -2.52140" +
0.6939@ + 0.0325;C, = 0.62250 + 0.2236
oo all)=T7° %(T, )=-OT°",
©=0.1971+0.0863w + 0.357w + 0.00360M
=0.1398(Methane)
s a=a()+ola"(1)-a"(1)] da (1)=- A p(r)
32] dT "’ T '

a® (Tr ) _ Ter(Ml—l) exp[Ll(l _ TerMl )]

o (Tr ) _ Ter(MH) exp[L2(l M )]For

methane:
L1=0.401219; M1=4.963075; N1=-0.2000.
L2=0.024955; M2=1.248088; N2=-8.0000.

r
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Table 6. Representing the constants of TST EoS [32].

Compounds L M N
Methane 0.0813821 0.905296 -2.13000
Carbon dioxide 0.9459510 0.888652 0.650000
Nitrogen 0.0649944 0.892385 2.34000

Reduced temperature, P,
w

8 10 12 14 16

Reduced pressure,T,

Figure 1.]-T inversion curves plotted from five different EoSs namely, the PR, ER, PT, HKMM and the Chapoy with their frequently used cohesion function [24-

27,29]. Solid black circles are the experimental data points for methane.

Reduced temperature, P,

8 10 12 14 16

Reduced pressure, T,

Figure 2. J-T inversion curves plotted with the PR EoS and the Chapoy cohesion function(Dashed-line), the PR EoS and the Soave cohesion function(dashed-
dotted-line), the PR EoS and the TST cohesion function (dotted-line), and the ER EoS and the cohesion function associated with this EoS (solid-line). The ER EoS
has been plotted for comparison [24,29,31,32]. Solid black circles are the experimental data points for methane.

In upper part of the curves the SRK EoS, PT EoS and the ER
EoS are coincident. For the lower part of the curves, the HKMM
EoS, PT EoS, PR EoS and the ER EoS show the trend of
coincidence and are in agreement with experimental data of
methane. However, the ER EoS represents the better trend
among them as it shows good agreement both for lower and
upper part of the curve with the other plots and experimental
value of methane. Figure 2 represents the plots for J-T
inversion curves by using the PR EoS with A. Chapoy [31], the
Tau-Sim-Tassone [32] and the Soave cohesion functions and
also with the ER EoS with its associated cohesion
function (7)) - The Figure 2 shows a good agreement of these

plots with experimental data of methane furthermore the ER
equation of state agrees more closely with the available
experimentally measured data of methane than the EoS of
Peng-Robinsion. Figure 3 shows the inadequacy of the curve of
LLS EoS. The lower part of the curve is in agreement with the
experiment while the other parts are totally in disagreement.
In this work, the best prediction of J-T curve has been
found by PR EoS, as none of the EoSs are able to predict the
entire inversion curve accurately; however the ER EoS gives
best overall prediction. Though the predictions of J-T
coefficients with the considered EoS and with the associated
cohesion functions are comparable with the experimental

observations but one should be very cautious in choosing the
EoS as its accuracy will result a good comparison with
experiment. However, it should be noted that accuracy in
measuring the pressure drop in an isenthalpic experiment and
interpolating data is very difficult and hence also
experimentally J-T coefficient cannot be obtained with 100%
accuracy. In general, the calculated low temperature part of
the inversion curve is insensitive to the parameter in the
equation, however, the peak of the inversion curve and the
high temperature part show large variations with the
eccentricity. The curve is parabolic in shape, with a maximum
inversion pressure at an intermediate temperature. Within the
region bounded by the J-T inversion curve, the free expansion
causes a decrease in temperature. Outside the region bounded
by the inversion curve more collision of molecules causes
increase in temperature. The complete inversion curves of
many fluids cannot be established, as they run into regions of
high temperature or pressure not accessible to experimental
measurements. The studied models of EoSs have a better
agreement in the low temperature branch whereas noticeable
differences occur in the high temperature branch for nitrogen
and CO2 both. It has been studied that by Colins et al. [32] that
the J-T experiment are more sensitive to pressure and
temperature in the high temperature branch.
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Reduced temperature, P,

Reduced pressure, T,

Figure 3. ]-T inversion curve plotted with the LLS EoS [27] with experimental data of methane.

Wy (Kiatm)

T=298.15K
+T=373.15K
T=348.15K

+T=32315K

0 500 1000

1500 2000 2500

P (atm)

Figure 4. ]-T coefficients prediction with pressure for Nitrogen at different temperatures from the PT EoS. The experimental data is taken from [33].

0.30

My (Kiatm)

-0.10

T=348.15K
=T=248.15K
4T=27315K

+T=473.15K

0 500 1000

1500 2000 2500

P (atm)

Figure 5. J-T coefficients prediction with pressure for carbon dioxide at different temperatures from the PR EoS. The experimental data is taken from [33].

In Figures 4-7, the plots for J-T coefficients against pres-
sure at constant temperatures and in Figures 8 and 9, J-T
coefficients against temperatures at constant pressure have
also been performed. Because of a lack of experimental data at
high pressures, all the models considered here seem to predict
a negative J-T effect at 500 atm and all temperatures. In fact, it
has been observed that at high pressures the ]J- T coefficient
approaches more or less a constant for the tested components.
At high pressure the negativity of J-T coefficient yields the
reverse J-T effect. As the J-T coefficient is negative at high
pressures, the temperature of the gas increases with the
pressure drop. It is called the reverse J-T effect due to decrease
in pressure with increase in temperature. A positive value of J-
T coefficient corresponds to a decrease in temperature with
decreasing pressure. The uncertainty of experimental ]-T
coefficients values from calculated EoSs of the PT, PR, HKMM,

ALU and the ER are given in Table 7 and 8. Experimental
uncertainties can be observed in Figure 10.

5. Conclusions

A comprehensive comparison was made among different
parameter EoSs in calculation of J-T coefficients for nitrogen
and carbon-dioxide over a wide pressure and temperature
ranges. The calculated result shows that the three parameter
EoSs has some advantage over the two parameters cubic EoSs
in calculation of J-T coefficient of pure components over a wide
temperature and pressure ranges. The poorer performance of
prediction of J-T coefficient was resulted by the LLS EoS and
whereas the best prediction is given by the ER EoS. As regards
the prediction of the J-T inversion curve, it was found a
reasonable agreement among the considered models in the
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K JT-C Expt. Theoretical Joule-Thomson coefficient
Data data from EoSs and the uncertainty, AU
AU P-R AU P-T AU E-R AU HKMM AU ALU EoS AU
EoS EoS EoS EoS
223.15 2.4130 1.8154 0.24 1.8150 0.24 1.8560 0.23 1.7897 0.25 1.8167 0.24
273.15 1.2900 1.3118 -0.17 1.3066 -0.01 1.3298 -0.03 1.3072 -0.01 1.3117 -0.01
323.15 0.8950 0.9845 -0.1 0.9765 -0.09 0.9891 -0.10 0.9984 -0.11 0.9837 -0.09
373.15 0.6490 0.7563 -0.16 0.7468 -0.15 0.7525 -0.15 0.7846 -0.20 0.7552 -0.11
398.15 0.5600 0.6669 -0.19 0.6568 -0.17 0.6601 -0.17 0.7008 -0.25 0.6657 -0.18
423.15 0.4890 0.5897 -0.20 0.5792 -0.18 0.5804 -0.18 0.6283 -0.28 0.5885 -0.20
473.15 0.3770 0.4638 -0.23 0.4528 -0.20 0.4509 -0.19 0.5095 -0.35 0.4624 -0.22
523.15 0.3075 0.3662 -0.19 0.3550 -0.15 0.3509 -0.14 0.4165 -0.35 0.3647 -0.18
573.15 0.2650 0.2889 -0.09 0.2777 -0.04 0.2721 -0.02 0.3420 -0.28 0.2874 -0.08
0.30
=T=273.45K
025
\ +T=32315K
020 1"
1 +T=373.45K
045 1%\
h ot T=398.15K
RLER
2
< 005
* 000
-0.05
0.10
0.5
0.20
0 500 1000 1500 2000 2500
P (atm)

Figure 6. ]-T coefficients prediction with pressures for carbon dioxide at different temperatures from the HKMM EoS. The experimental data is taken from [33].
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Figure 8. J-T coefficients ~ Temperatures graph for carbon dioxide at 1 atm plotted from different EoS. The ER EoS (Solid line), HKMM EoS (Dashed line), PT
EoS (Dot-dashed line), ALS EoS (Dashing line) and the PR EoS (Dotted line). The experimental points and the lines of EoSs have been shifted upward for clear

view. The experimental data is taken from [33].
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Table 8. Joule-Thomson coefficient data for carbon dioxide at 20 atm and the uncertainty.

K JT-C Expt. Theoretical Joule-Thomson coefficient
Data data from EoSs and the uncertainty, AU
AU P-R AU P-T AU E-R AU HKMM AU ALU EoS AU
EoS EoS EoS EoS

198.15 -0.020 -0.042 -1.13 -0.043 -1.17 -0.098 -3.92 -0.021 -0.07 -0.078 -2.93
223.15 -0.014 -0.017 -0.26 -0.018 -0.33 -0.107 -6.68 0.0001 1.004 -0.078 -4.63
273.15 1.4020 1.7293 -0.23 1.7270 -0.23 2.1344 -0.52 2.0821 -0.48 1.9614 -0.39
373.15 0.8950 1.1091 -0.23 1.1023 -0.23 1.2242 -0.36 1.3082 -0.46 1.1966 -0.33
323.15 0.6375 0.7959 -0.24 0.7872 -0.23 0.8431 -0.32 0.9380 -0.47 0.8425 -0.32
373.15 0.5450 0.6876 -0.26 0.6782 -0.24 0.7183 -0.31 0.8137 -0.49 0.7235 -0.32
398.15 0.4695 0.5987 -0.27 0.5889 -0.25 0.6180 -0.31 0.7131 -0.51 0.6271 -0.33
423.15 0.5575 0.4611 0.17 0.4508 -0.19 0.4659 -0.16 0.5598 -0.41 0.4796 -0.14
473.15 0.2885 0.3592 -0.24 0.3487 -0.20 0.3556 -0.23 0.4477 -0.55 0.3718 -0.28
573.15  0.2425 0.2809 -0.15 0.2703 -0.11 0.2721 -0.12 0.3620 -0.49 0.2896 -0.19

12

10 - .

5 R
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Figure 9. J-T coefficients ~ temperatures graph for carbon dioxide at 10 atm plotted from different EoS. The ER EoS (Solid line), HKMM EoS (Dashed line), PT
EoS (Dashing line), ALS EoS (Dot-Dashed line) and the PR EoS (Dotted). The experimental points and the lines of EoSs have been shifted upward for clear view.
The experimental data is taken from [33].
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Figure 10. Uncertainty in J-T coefficients or relative errors between theoretical values calculated from the EoSs of the PR, ER, HKMM and the ALS and the
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experimental J-T coefficients. Symbols are representing the uncertainty obtained from the EoSs at 1 atm (a) and 20 atm (b).
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low-temperature branch and also the cubic EoSs yield a
smaller P-T region of positive J-T coefficient. In general, for the
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